Abstract In this work the classification of filiform Leibniz superalgebras of nilindex n + m, where n and m (m = 0) are dimensions of even and odd parts, respectively, is obtained.
Introduction
Extensive investigations in Lie algebras theory have lead to appearance of more general algebraic objects -Mal'cev algebras, binary Lie algebras, Lie superalgebras and others.
At the beginning of 90-th of the last century J.-L. Loday has introduced another generalization of Lie algebras -Leibniz algebras [11] .
Recall, that Leibniz algebras are defined by the Leibniz identity: It should be noted, that if a Leibniz algebra satisfies the identity [x, x] = 0, then Leibniz identity and Jacobi identity coincide. Therefore, Leibniz algebras are "non antisymmetric" generalization of Lie algebras
In spite of Leibniz algebras are defined by a single identity they generalize Lie algebras in so natural way that many properties of Lie algebras remain true also for Leibniz algebras [1] - [6] , [11] - [14] . Nevertheless, the complementation of the variety of Lie algebras in the variety of Leibniz algebras forms a Zariski open set (from algebraic geometry it is known that open sets in Zariski topology are "large").
As it was mentioned above the Lie superalgebras are generalizations of Lie algebras and for many years they attract the attention of both the mathematicians and physicists. The systematical exposition of basic Lie superalgebras theory can be found in the monograph [10] . Leibniz superalgebras are generalizations of Leibniz algebras and, on the other hand, they naturally generalize Lie superalgebras. In the description of Leibniz superalgebras structure the crucial task is to prove the existence of suitable basis (so-called adapted basis) in which the multiplication of the superalgebra has the most convenient form.
In contrast to Lie superalgebras for which the problem of description of superalgebras with the maximal nilindex is difficult, for nilpotent Leibniz superalgebras it turns to be comparatively easy and was solved in [2] . The distinctive property of such Leibniz superalgebras is that they are single-generated. The next step -the description of Leibniz superalgebras with dimensions of even and odd parts, respectively equal to n and m, and with nilindex n + m at this moment seems to be too complicated. Therefore, such Leibniz superalgebras can be studied, for example, by applying restrictions on their characteristic sequences. Following this approach in the present Moreover, if f is a biection then it is called isomorphism of Leibniz superalgebras L and L ′ . For given Leibniz superalgebra L we define a descending central sequence in the following way: 
(omitted product are equal to zero). 
Let L = L 0 ⊕ L 1 be a nilpotent Leibniz superalgebra. For an arbitrary element x ∈ L 0 , the operator of right multiplication R x is nilpotent endomorphism of the space L i , where i ∈ {0, 1}. Denote by C i (x) (i ∈ {0, 1}) the descending sequence of the dimensions of Jordan blocks of the operator R x . Consider the lexicographical order on the set C i (L 0 ).
is said to be the characteristic sequence of the Leibniz superalgebra L.
Similarly to [7] (corollary 3.0.1) it can be proved that the characteristic sequence is invariant under isomorphisms.
Let us introduce the analog of filiform Leibniz algebras in the case of Leibniz superalgebras.
Denote by F n,m the set of filiform Leibniz superalgebras.
For non Lie filiform Leibniz superalgebras the existence of adapted basis is given in the following theorem, which follows from the results of [3, 15] . Theorem 2.2 Let L be an arbitrary non Lie filiform Leibniz superalgebra. Then there exists a basis {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m } of the superalgebra L, in which the multiplication satisfies one of the following three conditions:
3 The classification of filiform Leibniz superalgebras of the nilindex n + m (m = 0).
Let a superalgebra L ∈ F n,m have the nilindex equal to n+m, and let {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m } be basis of L.
From the restriction on the nilpotency index it is not difficult to see that the superalgebra L have two generators, the first one belongs to L 0 and the second one -to L 1 . Indeed, from theorem 2.2 we have that y 2 , y 3 , . . . , y m are not generators. Therefore, the case when both generators lie in L 1 is impossible and the case when both generators lie in even part is degenerated, since m = 0 (i.e. we have filiform Leibniz algebra). Proof. Without loss of the generality we can assume that x has the form:
Let us investigate the first class of the theorem 2.2 and consider three cases.
Then applying the following change of basis:
, we obtain that the first three multiplications in class a) do not change.
Case 2. Let A 1 = 0. Let us take change of basis in the form:
, where a = 0 and 1 + aA 2 = 0, x
If we take sufficiently great value of the parameter a then we obtain that the first three multiplications in the class a) also do not change.
Case 3. Let A 1 = 0 and A 1 = −A 2 . Then taking the following change of basis:
. it is not difficult to check that for sufficiently small value of parameter a the first three multiplications in the class a) are preserved.
Thus, we have shown that in the first case of the theorem 2.2 instead of x one can choose x 1 , i.e. the equality: [y j ,
In the classes b) and c) for the same reason as in the first class and by using elementary changes of basis obtained in [8] , [14] , one can show that the element x can be replaced by the
Note, that in the case m = 1 we easily obtain contradiction with condition the m = 0 (because we have Lie algebra).
3.1 The case of F n,m (n = 2)
In case F 2,2 we have the following result Theorem 3.1 Let L be an arbitrary Leibniz superalgebra from F 2,2 with nilindex equal 4. Then it is isomorphic to one of the following two non isomorphic superalgebras:
(omitted products are equal to zero).
Proof. Let {x 1 , x 2 , y 1 , y 2 } be a basis of the superalgebra L. Evidently, Leibniz algebra L 0 is abelian. Suppose that the element x 1 is the generator. Then
On the other hand,
Hence, c = 0 and we obtain contradiction with the assumption c = 0.
If
. Without loss of generality, we can suppose that γ is equal to 1. From Leibniz superidentity we obtain the following multiplication in the superalgebra L :
Let us suppose the opposite case, i.e. the element x 1 is not a generator. Then without loss generality we can suppose that x 2 is a generator. Hence,
where τ = 0. Using Leibniz superidentity and appropriate change of basis we obtain the following multiplication in L :
(omitted products are equal to zero). Taking the transformation of the following form:
we obtain the embedding of the family L(δ, θ) into the family L(α, β).
Let us consider the isomorphism problem inside the family L(α, β), where
Take the general change of the generators in the form:
Then expressing the multiplication in the new basis {x
} via the basic elements {x 1 , x 2 , y 1 , y 2 } and comparing coefficients of basic elements, we obtain
Besides, it is not difficult to see that the following equality holds
Putting
Thus, we have obtained superalgebras
In the case when a superalgebra from F 2,m (m ≥ 3) has nilindex m + 2, the following result is true.
Lemma 3.2 Let L be a Leibniz superalgebra from F 2,m (m ≥ 3) and suppose that it has nilindex equal to m + 2. Then L is Lie superalgebra.
Let us prove that x 2 can not be a generator. Suppose the opposite, i.e. x 2 is a generator. Then from theorem 2.2 and
i.e. we obtain a contradiction with nilpotency of the superalgebra L. Therefore, we can take the element
Suppose that s = 2. then
Consider the product
and y 2 ∈ L 3 ), i.e. we obtain a contradiction with the condition s = 2.
Suppose that
Since α 2,s = 0 and
and since 2s − 1 > s + 1, then we obtain a contradiction with the condition 3 ≤ s ≤ m.
Thus, 
From this we have that m is odd and [y
Thus, we have proved the identity:
in the Leibniz superalgebra L.
The following theorem contains a classification of Lie superalgebras from the set Leib n,m with nilindex equal to n + m.
Theorem 3.2 [9]
Let G be a Lie superalgebra from Leib n,m with nilindex equal to n + m. Then n = 2, m is odd and there exists a basis {x 1 , x 2 , y 1 , y 2 , . . . , y m } of the superalgebra G such that its multiplication in this basis has the following form:
(omitted products are zero). 3.2 The case of F n,m (n ≥ 3).
If x 1 is a generating basic element, then put
In this notations we have
The following equality holds:
Proof. The proof is deduced by the induction in j at any value of i.
Lemma 3.4 Let L be a Leibniz superalgebra from F n,m (n ≥ 3) with nilindex equal to n + m. Then x 2 can be supposed to be a generator.
Proof. Obviously, we can take either x 1 or x 2 as a generator of the superalgebra L which lies in L 0 . Suppose that x 1 is a generator. Let s be such a number that
. . , y m } and β 1,2 = 0. From Leibniz superidentity we have
. . , x n , y 3 , y 4 , . . . , y m }. Therefore there exists t ≥ 2 such that β t,3 = 0 and α 2,2 = 0.
Consider the products
Evidently, coefficient of the element x 3 in (3.3) is equal to zero. Therefore if β 2,3 = 0, then from (3.2) we have the existence of t 0 > 2 such that β t0,3 = 0. So, x 3 ∈ L 5 and L 5 = {x 3 , . . . , x n , y 4 , . . . , y m }.
Consider the products 
in which the coefficient β s−1,2 occurs. Taking into account the equality [y s ,
we conclude that
Since L s−1 = {x 2 , x 3 , . . . , x n , y s−1 , y s , . . . , y m } and L s = {x 2 , x 3 , . . . , x n , y s , y s+1 , . . . , y m }, then from (3.6)-(3.7) we have y s ∈ L 2s−1 . Since for s ≥ 3 the inequality 2s − 1 > s + 1, holds, we obtain a contradiction with the condition y s ∈ L s+1 \ L s+2 , from which follows that the case 3 ≤ s ≤ m is impossible.
It is easy to see that s = m + 1 and
For basic elements of L i we have [ 
On the other side [ and again we obtain a contradiction with β m,2 = 0. Thus, x 1 can not be a generator and so as a generator we can choose x 2 . Now let x 2 be a generator. Then put
Lemma 3.5 Let L be a Leibniz superalgebra, which belongs to the class c) of the theorem 2.2. Then its nilindex is less than n + m.
Proof. Suppose the opposite, i.e. nilindex of superalgebra L is equal to n + m. Let {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m } be the basis of L. We'll show that [y 1 , y i ] + [y i , y 1 ] ∈ {x 4 , x 5 , . . . , x n } for any 2 ≤ i ≤ m. Consider the product
Similarly to the proof of lemma 3.4 we conclude that y 2 ∈ L 3 \ L 4 . Therefore, L 2 = {x 1 , x 3 , . . . , x n , y 2 , . . . , y m }, L 3 = {x 3 , . . . , x n , y 2 , . . . , y m }, L 4 = {x 3 , . . . , x n , y 3 , . . . , y m }, L 5 = {x 4 , . . . , x n , y 3 , . . . , y m } and β 1,1 = 0. Hence
On the other hand
Since [x i , x 2 ] ∈ {x 4 , x 5 , . . . , x n } for any 3 ≤ i ≤ n, then β 1,1 = 0. We have a contradiction with the condition x 1 ∈ L 2 , and therefore L 2 = {x 3 , . . . , x n , y 2 , . . . , y m } and dimL/L 2 = 3. Thus, the superalgebra L has nilindex less than n + m. Lemma 3.6 Let L be a Leibniz superalgebra which belongs to F n,m with nilindex equal to n+m. Then either m = n or m = n − 1 and in the latter case in the class a) there exists a basis {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m } of the superalgebra L such that its multiplication has the following form:
where omitted products are equal to zero.
Proof. Since x 2 and y 1 are generators of L, it follows that β 1,1 = 0. Without loss of generality we can assume that [y 1 , y 1 ] = x 1 . Consider the subsuperalgebra y 1 of the superalgebra L, then from multiplication rules in the classes a) and b) we obtain y 1 = {x 1 , x 3 , x 4 , . . . , x n , y 1 , y 2 , . . . , y m } The subsuperalgebra y 1 is sigle-generated and from theorem 2.1 we have that either m = n − 1 or m = n and the multiplication in y 1 has the following form:
(omitted products are equal to zero). Suppose now that m = n − 1 and L belongs to the class a) of the theorem 2.2. Then using the above multiplication rules we obtain L 2 = {x 1 , x 3 , . . . , x n , y 2 , . . . , y n−1 },
In the superalgebra L consider multiplication from the right side by the element x 2 .
Since [y 1 , x 2 ] = a 2 y 2 + a 3 y 3 + . . . + a n−1 y n−1 , then
, then by Leibniz superidentity we have
On the other hand, [
If we compare the coefficients at the basic elements, we obtain the following restrictions:
Therefore, [x 2 , y 1 ] = 1 2 y 2 . Consider the following equalities:
Thus, we obtain the multiplication rules in the Leibniz superalgebra L.
On the other hand, [y 1 , [y 1 , x 2 ]] = 0, i.e. equality α 4 x 4 + α 5 x 5 + . . . + α n−1 x n−1 + θx n = a 2 x 3 + a 3 x 4 + . . . + a n−1 x n , is hold. From this we have the following relations:
Denote the superalgebras from the lemma 3.6 by L(α 4 , α 5 , . . . , α n , θ). 
Proof. Take the following general change of generating elements of the superalgebra L(α 4 , α 5 , . . . , α n , θ) :
Then the expression for the element x ′ 1 in old basis has the form:
Expressions for x ′ i+1 for 2 ≤ i ≤ n − 1 and y ′ j+1 for 1 ≤ j ≤ n − 2 have the following form:
, then by comparing the coefficients at the basic elements in (3.8) for i = 3 we obtain restrictions:
The verification of the rest of products gives either an identity or the relations (3.9). Applying (3.9), we obtain
On the other side
If we compare coefficients at the basic elements, we obtain the following restrictions: 
and on the other side,
Lemma 3.7 Let L be a Leibniz superalgebra from the family a) and m = n. Then there exists a basis {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m } of the superalgebra L such that its multiplication has the following form:
Proof. The proof of this lemma is similar to the proof of the lemma 3.6. Denote of superalgebra from the lemma 3.7 by M (α 4 , α 5 , . . . , α n , θ, τ ). Then we have the following criterion of isomorphism. 
Proof. The proof of this proposition is similar to the proof of the proposition 3.1. Consider now the class b) of the theorem 2.2.
Lemma 3.8 Let L be a superalgebra from class b). Then in case when m = n − 1 there exists a basis {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m } of the superalgebra L such that its multiplication has the following form:
where omitted products are equal to zero
Proof. The proof of this lemma is similar to the proof of the lemma 3.6. Denote of the superalgebra from the lemma 3.8 by G(β 4 , β 5 , . . . , β n , γ). 
Proof. Let take the general change of generators in the superalgebra G(β 4 , β 5 , . . . , β n , γ) :
Then for new basic elements x ′ i and y ′ j we have the following expressions:
We have
On the other hand [x
Comparing coefficients at the basic elements we obtain
Again, comparing coefficients at the basic elements we obtain the following restrictions:
On the other hand, we have [x
γ. The verification of rest of products gives either identity or the above restrictions. Consider now the case when the superalgebra belongs to the class b) and m = n.
Lemma 3.9 Let L be a superalgebras from class b) and m = n. Then there exists a basis {x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m } of the superalgebra L such that its multiplication has the form:
Proof. The proof of this lemma is similar to the proof of lemma 3.8.
Denote of a superalgebra from the lemma 3.9 by H(β 4 , β 5 , . . . , β n , δ, γ).
Proposition 3.4
Two superalgebras H(β 4 , β 5 , . . . , β n , δ, γ) and
Proof. Similar to the proposition 3.3. Consider the following operators which act on k-dimensional vectors: In a similar way one can prove the following theorem. Proof. Similar to the theorem 3.3.
Thus, summarizing results of the theorems 3.1-3.4 we obtain the classification of all filiform Leibniz superalgebras with nilindex equal to n + m, where m = 0.
